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0 ≤ 0 → true,
0 ≤ p(0) → false ,
s(x) ≤ y → x ≤ p(y),
p(x) ≤ y → x ≤ s(y),
0 ≤ x = true⇒ 0 ≤ s(x) → true,
0 ≤ x = false⇒ 0 ≤ p(x) → false .
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n1 ≤ n2
x0y ≤ n2
x0y ≤ x0y 0 ≤ 0
x0y ≤
x
s(x)
y
0 ≤ s( x0y) 0 ≤ s(0)
0 ≤ s
(
x
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y
)
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x
p(x)
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0 ≤ p( x0y) 0 ≤ p(0)
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(
x
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y
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x
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s
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x
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y
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x
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p
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x
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y
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l → r JcK ∈ RC '
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s ≈ s′ ∈ c '
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g(. . . , s, . . . , s′, . . .)
¼
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tz{It6rDxYvicrv^xY¢tvx¬qgx2°&/y®Yrvrvicr&xªtvi/i*~stvxYh!t!°&z{tve·iW|Y~^y®z±tp·gz®rvic|I~y{z{tp
/xrutv6z®ItrM°&z±te¿¯siWz}gwy{ii/h!stz{icrr!gvxYwgy®i/h ¸Uruici 5è?6Dª«xYC²rv~gÅicpsÂÁadegih!i/hw^icrvegz®³/xrutv6z®Itr!/awbi
tviW2tviW¢°&z{tve!/y®Yrvrvz®cyOgxss~tD/xrutv~tz{xY[Á
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© i&x^ruz}si/gx2°¶mrubic/z±Èb/2tz{xYxªbruxYutic3y®z®rutr°&z{tvegxY~stvic^i/tvz{tvz®x[À°&z{tve*tvegi&/xrutv~txrupqh*wbxy}r
true, false : Bool
À
0 : Nat
À
s : Nat→ Nat
À
∅ : List
À
ins : Nat× List→ List
Àrru~gh!it°xC/xrutv6z®gic#xYrtv~^tvxYv~gy®icrz®
RC 8
ins(x, ins(y, z)) → ins(x, z) Jx ≈ yK,
ins(x, ins(y, z)) → ins(y, ins(x, z)) Jx  yK
degi3xYgi/z{g!xYrutv6z®Yt

z®rz®Itvicvgiticr&!icg~tz{xY#xYsicvz®gtvxty8x.x~g.xYrtv~^tvxYtvicvhCrcÁ  xtitvet
RC
z}rti/hMz®tvz®gMtveg¬sr%tvx!tveix^rtz{Itxªtvegi3rvicxY#v~gy®iÁ
N8it<~r<xYh!gy{i/tvi%tvez®r<rvz{Y2t~gi°&z{tvetvegi%ª«xYy{y®x2°&z{msi/ÈgiW*ª«~tz{xYMrvpqh*wbxy}rz®
D 8 ∈,∈′, co : Nat×List→ Bool À
sorted : List→ Bool
Àg#tvegi3~gy®icrxª
RD 8
x ∈ ∅ → false
x1 ∈ ins(x2, y) → true Jx1 ≈ x2K
x1 ∈ ins(x2, y) → x1 ∈ y Jx1 6≈ x2K
x ∈′ y = x ∈ y ⇒ co(x, y)→ true
x ∈′ ∅ → false
x1 ∈′ ins(x2, y) → true Jx1 ≈ x2K
x1 ∈′ ins(x2, y) → false Jx1 ≺ x2K
x1 ∈′ ins(x2, y) → x1 ∈′ y Jx1  x2K
sorted(ins(y, z)) = true ⇒ sorted(ins(x, ins(y, z)))→ true Jx ≺ yK
degi x^rtz{giW tvi/i YhMhC
GNF(RC)
eYr tvei ª«xy®y®x2°&z{g xçtvicvh!z®y}r 8 QNF(RC) =
{ xx
Bool
y , xx
Nat
y , xx
List
y ,
x
ins(x1, y1)y}
À#¸
x
xList
y
z}r¯sicgxticwqp
x∅y
wbi/y®x2°KÂ· tvei ª«xYy{y®x2°&z{¹rui/t¯xªgvxss~^tvz®x
~gy®icr
∆NF(RC) 8
xx
Bool
y := true
∣
∣ false xx
Nat
y := 0
∣
∣ s(
x
xNat2 y) x∅y := ∅,
x
ins(x1, y1)
y
:= ins( xx
Nat
y, x∅y)
x
ins(x1, y1)y := ins( xx
Nat
y, xins(x2, y2)y) JxNat ≺ x2Kdegi2tvtvicvtvici
dtree(∈)
siWrv/vz®wbic·z®baz{Y~gi*rvegx2°Drte2ttvegi*ª«~gtvz®x
∈
z}rKrv~s­z®i/Ity{p·xYh!gy{i/tviYÁKdegi3ti/h
x
xNat
y ∈ x∅y
x
xNat
y ∈ ∅
x
xNat
y ∈
x
ins(x1, y1)
y
x
xNat
y ∈ ins
(
x
x1
Nat
y , x∅y
)
x
xNat
y ∈ ins
(
x
x1
Nat
y ,
x
ins(x2, y2)
y
)
JxNat1 ≺ x2K
az®~vi3 8 degi3^2tuti/¢tvicixª ∈
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xNat ∈ ∅
z®rz{^si/iW·viWs~/z{wgy®iÁmdegi3t°%x¢xtvegicKy®icµÅiWrDi*y®rvx¢rutvxgYy{p#x~gicg~z®wgy®irvz{/i
x1 ≈ x2 ∨ x1 6≈ x2z}rr2tz®ruÈ^wgy{iYÁDdegigxqxª<xªrv~s­z®i/Itm/xh!gy®iti/giWrvrKxª
∈′
z®rKÅi/p#rvz®hMz®y}WÁ& x6si/Dtvxgx2Åite2ttvegi*ª«~gtvz®x
coz}rrv~s­z®i/Ity{p·xYh!gy{i/tviYÀ^°%i*gicictx¢rvegx2°tvet
R |=Ind x ∈′ y = x ∈ y
ÁKdegz}rKtvegicxi/h/w^igvx2ÅYic.~rvz{tvei
h!itegxs.xª 5 @6°&z±tegx~stKqp~rvi/&z®Yti/6tvz®x¯¸Uruici JDgbi/^sz±´ 3ÂÁ
degi2tvtvi/³tvi/i
dtree(sorted)
À¸ºgicrz{wbicÐz® az{Y~gviT^À JKgbi/sz{´ÂCxYYt6z®r!t°%x
failure
y®icµÅiWr!y®w^icy{iW
icrv^iWtz{ÅYi/y®p²°&z{tve
failure
(
sorted(∅)
) ^
failure
(
sorted(ins(xNat, ∅))
) ÁÄdegi#viWrvxÄz}r*te2ttvegiWrui#tvicvhCrMsxxt
/xItz{#z{g~tz{xY#Å2z}wgy®icr^tegi/p¢vigxtDrutvxgYy{pCYvxY~gCicg~z®wgy®imwbicc~rvitvegicp¢sx!gxthC2t66e.y{i/ªótRe^ 
rvz®giDxª7~gy{i&xª
RD
Ádegz}rØrv~gYicrutrtvxxh!gy®iti
RD
°&z{tve!t°%x3v~y{iWr
sorted(∅)→ true
^
sorted(ins(x, ∅))→ true
Á
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t6r/Àqz}r&gicrvi/ItviW¢z® JDgbi/gz±´.DÁ
degih!itegxsgr³xª 5¾sÀ TgÀ@6cggxtawbiggy®z®ic1tx)gx2Åi¹tvegi rv~s­z®i/ItÐ/xh!gy®iti/giWrvraxª
∈
À
∈′
À
co

sorted
rvz®itegi2´sz®xhCrMª«x#x^r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∅, ins(x, ∅), ins(x, ins(y, z)) Jx < yK
} Á dez®r y}rux ªºz{y}r/Á deiÇviWrvxz}r¿tve^2t¹tegz}r i/gicrvi/Ittvz®xxª
RC
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z®vicg~z®wgy®i#YvxY~g¶/xrutv~txtvicvhCrMz®rCrutvz®y®y%xtCi´gtcÁ axMi´gh!gy®i
ins(0, ins(s(0), ins(0, ∅))
z}rMaz®ruti
xª
ins(x, ins(y, z)) Jx < yK wg~gtKz®rDgxtKz®viWs~z®wgy®iÁØdei*l~^siru~g­C/z{icItKxh!gy®iti/giWrvrK6egic6¬Yi/&eYr&w^ici/·rv~//icrr ª«~gy®y®p#~rvic¢ª«xtegibx2°icvy®z}rt6r5®9T6çÁ*axD6egiW6¬Iz®gMtveiru~s­/z{icYtK/xh!gy®iti/giWrvrxª
co
Àgz{tDicgi/62ticrMgxIxªxYwgy{z®Ytvz®x
°&egz}6e!/gxtw^igx2ÅiW~gtvxhCtvz}/y®y®p3wIptegi&l~^si" rz{^s~tz{ÅYiØtegi/xYvichgx2Åi/^3tvei/iª«xi%h*~rut<w^ihCq~y{y®p
sz}r6eiWwqpCtvei3~ruic Á
 ').-.08/
© i*eµÅYigvxY^xIruiWCh!itvexq.ª«xYDticrutvz®g¢rv~s­z®i/ItxYh!gy{i/tvicgicrr&xª/xrutv6z®gicx^sz±tz{xYyvic°&vz{tvirvpsrti/hCr
°&z{tveMx^rtz{giW3~gy{iWr[ª«xY/xrutv~tvx6rcÁÃ~g8vxsiWs~giØ~rvicr&tviciYh!h![°&z{tve/xrutv6z®Itr8°&egz®6eicgi/62ticr7tegi
rvit&xªx~g^xYr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xYhMy{i/tviÀµxY~gvxsiWs~gigxbxYrvicr
csz}gtvicry®iªótDe^rvz®siWr&/xrutv6z®Itr.Megz®Yt&ª«xYDxYsz{tvz®xrxªi/°&z±ti~gy®icr%txxh!gy®iti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gxbi/vtpz}rsz{­~gy{ttxicrutwgy{z}rve[À8iWrubic/z®y{y®pª«xY*xYsz{tvz®xyØxYrtz{ic¯vic°&vz{tvirvpsr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 5 @6RÁ
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tegi/iCi´sz}rt6r
k ∈ [1..n]
Àru~^6e¯te2t
R |= Γkσkτ
Á#degz}r3z®hMy{z®icrte2t3ª«xYicY6e¯iW|I~2tz{xY
u = v
z{
Γkσkτ
À°%i!eµÅi
u ↓R v
w^iW/~rui
R
z®rYvxY~g.xY`~gicYtWÀsegi/^i
t
c.w^i3i/°&z±tvtvic.wqp
Γk ⇒ lk → rk JckK
À!xYItv6sz}tz{xY[Á
Rª
t
z}r
R
RviWs~z®wgy®iÀgrµp
t −−→
R
t′
Àstvei/°i3cggy®ptegi3z®s~tvz®xeqpIbxtegicrvz}r%tvx
t′
Á
2
  ÊqÎ ¥ Ê 
 Q'PRª
R
z}rCru~s­/z{icYty{paxh!gy®iti.tvegic ª«xYCic6e
f ∈ D
Ày®y&y®icµÅiWr*xª
dtree(f)
i
success
Á  B ¼
Jrvrv~gh!i3tve^2t
R
z}rKrv~s­z®i/Itvy®p./xh!gy®iti·rv~ggbxYrvitvetDtvei/ii´sz}rt6rD!gxssi
t JcK z® dtree(f) Àgª«xYrvxh!i f ∈ D Àtx¢°&egz}6e·tvei*z®sª«i/i//i  *+,"$%& "@'"$
) c·wbiggy®z{iW7ÁKRtmhMiWrcÀbwIpsi/Ègz{tvz®x[Àbtve^2t
t JcK sxqicrDxtm/xItz{qpz®s~tvz®xÅ2z®wgy®i#z®r&xtDrtvxYgy®pCx~¢icg~z®wgy®iÁ
© iMrvegx2° È6rutKtve^2t
t JcK z®rm°%ic¬Iy®p.viWs~z®wgy®iwqp R Á%p·x^rtv~tvz®x[À t JcK z}rsic/x62tic7Àbegi/^iMwIp N8i/h!hC¯Àtegi/i*i/´qz}rutr
τ ∈ sol(c)
rv~6etvetKª«xYy®y
x ∈ var (t)
À
xτ
z}r
R
Rz{ics~/z{wy{iYÁDl·xi/x2ÅYi/WÀswIpxYrutv~tz{xY[À
tτ
e^r&tegi
ª«xYvh
f(t1, . . . , tn)
°&ei/i
f ∈ D

t1, . . . , tn ∈ T (C)
i3y®y
RC
çz®vicg~z®wgy®iÁ*eDiciYÀ
tτ
z}r
RD
Rics~/z{wy{i32tDxqxt
bxYrvz±tz{xY·w^iW/~rui
R
z}rDrv~s­z®i/Itvy®p./xh!gy®itiÁdei/iª«xiÀwIp.siÈ^gz±tz{xY[À
tτ
z}rK!x~¢z®rutixªrvxh!i3y®iªótçe
rvz®gi
`
xª.~gy{i
Γ ⇒ ` → r Jc′K ∈ RD
Àrµp
tτ = `θ
À^¯h!xYvicx2Åi/WÀ
¬c′θ
z}r3~gr2tz®ruÈ^wy{iYÁ¢jqz{^iCwqpeqpq^xtvegiWruz}r
t
sxqicrmgxt/xItz{qp·z{g~tz{xY¯Å2z}wgy®iwqpsi/Ègz{tvz®x
`
z}ry{z®giccÀ
t
z}r²z{^rt6/ixª
`
À8rµp
t = `σ
¸º°&z±te
θ = στ
ÂÁMJDy}rux^À
c ∧ ¬c′σ
z}r~rvtvz}rÈbwgy®iÀ7xtvegicv°&z}ruiYÀ
¬c′θ
°%x~gy}·wbiCrvtvz}rÈ^wgy®iÀ7wbic/~rvi
τ ∈ sol(c)
^
θ = στ
Á
eKi//itvegiª«xYy{y®x2°&z{Mrv~gwrvit
L
xª
RD
z}r&gxtich!stp 8
L =
{
Γi ⇒ `i → ri JciK
∣
∣ i ∈ [1..n], t = liσi
^
c ∧ ¬ciσi
z}r~gr2tz®ruÈ^wgy{i }
%p¢eqpqbxtveicrvz®rcÀ
t JcK z}rgxtKrtvxYgy®pCx~g^¢ics~^z®wgy{iwqp R Á eKi//i°ieµÅYi 8
R 6|=Ind Γ1σ1 Jc ∧ c1σ1K ∨ . . . ∨ Γnσn Jc ∧ cnσnK
RtMhMiWr*tve^2t*ª«xYy{y
k ∈ [1..n]
Äy{y%x~g^²rv~gwrutvz{tv~gtvz®x
τ ∈ sol(c ∧ ckσk)
À<°%i¢e^µÅi
R 6|= Γkσkτ
Á eDi/^i
tτ
z}rCgxticg~z®wgy®itCtvegi·xqxtCwqpa²v~y{i·xª
L
Á JKrru~hMi·x2°
tτ
z®rCicg~z®wgy®i2tCtvei·vxqxtCbxYrvz±tz{xYawqp³;v~gy®i
Γ ⇒ ` → r JdK ∈ R \ L ÁRt3h!icrtvet t z®r¯z{^rt6/ixª ` À7°&egz}6e¯xYItv6sz}t6rDtegi!eIpqbxtegicrvz®rKtve^2ttvegiCw^x2ÅYi~gy®iz}rmgxtz{
L
Á eDi/^i
tτ
z®rmgxtmicg~z®wgy®iMttegi!vxqxtm^xIruz{tvz®x8Á*l·xi/x2ÅYi/WÀ
tτ
/gxtw^iMics~/z{wy{i!2t3gxtvegic
bxYrvz±tz{xYrK°ieµÅiruici/w^x2ÅYi¸«wqp·x^rtv~tvz®x[À
tτ = f(t1, . . . , tn)
°&egicvi
f ∈ D

t1, . . . , tn ∈ T (C)
viy®y
RC
Rz{viWs~/z{wgy®iWÂÁ<degz®r&/xItv6gz®tr%tvei3eIpqbxtegicrvz®r%te2t
R
z®rKru~s­/z{icYty{p#xh!gy®itiÁ
2
  ÊqÎ ¥ Ê 
 WXP axmi/ÅYi/p
f ∈ D
ÀbtveiMrvzFEci*xª
dtree(f)
z®rwbx~ggic7Á B ¼*degi*q~ghw^icxªØv~y{iWrDxª
RD
°&z{tvetegi
ª«~g^tvz®x.rupqhw^xYy
f
2ttvegiKtvxY^xIruz{tvz®x¢z®rØÈgz{tviYÁRt%h!ic^rte2ttvegimrui/t
iPos(f,R)
z}r<È^gz±tiKtxqxÁ#JKr%xYrvic|I~gi/^iÀ
tegirvzFEci*xªxRx~g^¢ti/hCrD°&z{tvez®s~^tvz®xÅµvz}wy{iWr&z®ry}rux¢w^xY~gsiW7Àbtegi*egicz{YeItKxª<tegi*tuti/tvi/i3txIx^À
rvz{^i*/xrvic/~stvz®Åi3Yªótr&z®·tvei*rvh!iwg66exªtegitvicii3y®w^icy{iW·°&z±tesi/ic^icKgxYRx~g/xrutv6z®gic¢tvicvhCrcÁ
2
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xYruz}sicK!ruxYut
Nat
ª«xY&2t~g6y[q~ghw^icr&h!xss~gy®x!t°%xÀs°&z{tvetvei*xYrtv~^tvxY&rupqh*wbxy}r&xª
C 0 : Nat

s : Nat→
Nat
ÀqxgimsiÈic¢rvpqh*wbxy
+
z®
D
Àgy{i/t 8 RC = {s(s(x))→ x Jx ≈ 0K}  RD = {x + 0→ x, x + s(0)→ s(x)} ÁdegimgxYvhCyçª«xh YhMhC
GNF(RC)
erØÈÅigxUti/hMz®y®r 8 xxNaty À x0y À
x
s(0)
y
À
x
s(x)
y
Às^
x
s(s(x))
y
Àsrvz{´
gxss~tvz®x.v~gy®icr3¸Usicrz®w^iW#°&z{tve.tegirvh!irvz®hMy{z{Èic.gxttvz®xrz®.´sh!gy{i!µÂ 8
x0y := 0
x
xNat
y := 0
x
s(0)
y
:= s( x0y)
x
s(0)
y
:= s( xx
Nat
y )
x
s(x)
y
:= s( xx
Nat
y )
x
s(s(x))
y
:= s(
x
s(x)
y
) Jx 6≈ 0K
gxtvite2t&tegi3gxUti/hMz®y®r
x0y
^
x
xNat
y
tv~y{y®picgi/62tiKtegirh!iy®g~iYÀq#tvet
x
s(s(x))
y
Yi/gictvic
gx!ti/hCr&2tDy®yUÁ
degi³gxsicg~gvi¶tvi/h!z{^2tviWr²wIptutY6egz®g
success
tvx y®yMtvegi³y{iWµÅiWrxª¢tvegi³2tvtvicvtvici
dtree(+)
ÀMh!iW
z®g>tvet
R
z®r xYh!gy{i/tviYÁ N[i/t~r /xrvz®gi/xgi z{Iti/icrutvz®g>rv~gwstvici xª
dtree(+)
°&z{tve tvegi xIxt 8 x1 +
y1 Jx1: xuy ∧ y1:
x
s(s(y))
y
K À!°&egi/i xuy z}r;qp gxçtvicvh!z®yçÁ degiaÈrut;z{sª«icviciav~y{i³xª az®~gi³¹z®rt6Itvztvicr#z{t.z®Itvx 8 x1 + s(y1) Jx1: xuy ∧ y1:
x
s(y)
y
∧ y 6≈ 0K ^ x1 + s(s(y1)) Jx1: xuy ∧ y1: xxNaty ∧ y1 6≈ 0K Ðtvei/
x1 + s(s(0)) Jx1: xuy ∧ 0 6≈ 0K
°&egz}6e#z}rDrutvxgYy{pCYvxY~g¢viWs~z®wgy®iw^iW/~^rui3z{tr&/xrutv6z®Itz}r~gr2tz®ruÈ^wgy{iYÁ
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sorted
degicviaiÄt°x
failure
y{iWµÅiWr·z{Çtvegi¶^2tuti/tvi/i
dtree(sorted)
siWrv/vz®wbic z® az{Y~gvi TÀ*y}wbi/y®ic icrvbictz{ÅYi/y®p
wqp
failure
(
sorted(∅)
) 
failure
(
sorted(ins(xNat, ∅))
) Á degi icYruxYÆz®r³te2t¿tegicrvitvicvhCr¿sx gxt¿/xItz{
Ip)z{g~tz{xY Å2z}wgy®i³)tvet;h!xYvicx2Åi/tvegicp)i³gxt¶rutvxgYy{pYvxY~gÇicg~z®wgy®iÀCwbic/~rvi tegi/p)gxxt
hC2t66e) y®iªótçe^  rvz®siaxª~gy®i¶xª
RD
Á,dez®r²ru~iWrt6r·tx xYh!gy{i/tvi
RD
°&z{tvet°%x ~gy®icr
sorted(∅) → true
sorted(ins(x, ∅)) → true
Á degi¶rvpqh*wbxy
sorted
z}rrv~s­z®i/It¯/xh!gy®itviÄ°&vt·tvei d&Kj xwst6z®gic[Á sicic7À
sorted(
x∅y)
sorted(∅)
sorted
(
x
ins(x1, y1)
y
)
sorted
(
ins( xx
Nat
y , x∅y)
)
sorted
(
ins( xx
Nat
y , ∅)
)
sorted
(
ins( xx
Nat
y ,
x
ins(x1, y1)
y
)
)
JxNat ≺ x1K
sorted
(
ins( xx
Nat
y , ins( xx1
Nat
y , x∅y))
)
JxNat ≺ xNat1 K
sorted
(
ins( xx
Nat
y , ins( xx1
Nat
y ,
x
ins(x1, y1)
y
))
)
JxNat ≺ xNat1 ∧xNat1 ≺ x1K
az®~vi T 8 deim^2tuti/.tvi/ixª sorted
failure
(
sorted(∅)
) 
failure
(
sorted(ins(xNat, ∅))
) i.gx2° wbxte³icg~z®wgy®i.wqpÄtegi·gic° i/°&z±ti.~gy®icrcÁ³lxi
x2ÅYi/WÀYtegitvicvh 8 sorted(ins( xxNaty , ins( xx1Naty , x∅y))) JxNat ≺ xNat1 K
Àg°&ez®6e.z®rKwgwgi/Åqz}2tz{xYª«x 8
sorted(ins(z1, ins(z2, z3))) Jz1: xxNaty ∧ z2: xx1Naty ∧ z3: x∅y ∧xNat ≺ xNat1 K

sorted(ins( xx
Nat
y , ins( xx1
Nat
y ,
x
ins(x1, y1)
y
))) JxNat ≺ xNat1 ∧ xNat1 ≺ x1K
Àg°&egz}6e#z}rDwwgvicÅqz®tvz®xª«xY 8
sorted(ins(z1, ins(z2, z3)))
t
z1: xx
Nat
y ∧ z2: xx1
Nat
y ∧ z3:
x
ins(x1, y1)
y
∧ xNat ≺ xNat1 ∧ x
Nat
1 ≺ x1
|
virtvxYgy®px~g^3viWs~/z{wgy®iruz®itveit°%xDª«xYy{y®x2°&z®gm/x2iWt~gviWrvi%z®s~tvz®Åitvegicxi/hCrxª
R
À*cw^igx2ÅiW
~rvz®g!tvegih!itegxsxª5 6 8
sorted(ins(z2, z3)) = true Jz2: xxNaty ∧ z3: x∅yK
sorted(ins(z2, z3)) = true Jz2: xxNaty ∧ z3:
x
ins(x1, y1)
y
∧xNat ≺ x1K
ññ g h i ø j
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co
 ·xYsictvxCgx2Åimte2t&tegi3ª«~gtvz®x
co
z}rDru~g­C/z{icItvy®p#xYh!gy{i/tviYÀ°%iruegx2°¹tvet
R |=Ind x ∈′ y = x ∈ y
À~^ruz®g!tvei
h!itegxs.xª 5 @6%¸«°&z{tvegxY~stD~rvi/&z®Yti/6tvz®x^ÂÁ
axmtvegz}rg~gbxYrviÀ7°%iM/xrutv6z®gictvegi!Å2z}wgy®i
y
z®¯tvegz}r3xY2ictv~gi*tx.tvegi!y}gY~Yi*xª%gxtvicvh!z®y}rmxªØtegi
YhMhC
GNF(RC) 8
x ∈′
x∅y = x ∈ x∅y
¸UYÂ
x ∈′
x
ins(x1, y1)
y
= x ∈
x
ins(x1, y1)
y
¸TIÂ
degiggy®z®c2tz{xY#xª8tvei3gvxss~^tvz®x.~gy{iWrxª
GNF(RC)
tvxMtegicrviy}~rvicr3¸ºz{^s~tz{xY·rti/^Â%Yz{ÅYicr 8
x ∈′ ∅ = x ∈ ∅
¸çÂ
x ∈′ ins( xxNaty , ∅) = x ∈ ins( xxNaty , ∅)
¸UYÂ
x ∈′ ins( xxNaty ,
x
ins(x1, y1)
y
) = x ∈ ins( xxNaty ,
x
ins(x1, y1)
y
) JxNat ≺ x1K
¸RÂ
degiC/y®~rui.¸UYÂKcwbi!viWs~/icwqp
RD
tvx#tveit6~stxy®xYp
false = false
Á axC¸UÂ°%iM/xrvz®gi/¢icrutvz®tvz®x·tx¢tegi
crvicrxYvicrv^xYsz®gtx¢tegixYrutv6z®Yt6rKxªØtegi!y®Yrt#v~gy®icrª«xY
∈′
z{
RD
¸ótegi!v~gy®icr°&z{tve
x1 ∈′ ins(x2, y)
Yrmy{i/ªót
h!i/hw^ic6ÂÁdegz}rtviW6eggz}|Y~imz}rDcy®y{iW 1 »# , » I$-&<,, ½#z{05 @6çÀz±tDit~gv^r 8
true = x ∈ ins( xxNaty , ∅) Jx ≈ xNatK
¸UYÂ
false = x ∈ ins( xxNaty , ∅) Jx ≺ xNatK
¸>YÂ
x ∈′ ∅ = x ∈ ins( xxNaty , ∅) Jx  xNatK
¸WYÂ
JKy{y8tvegiWrui3rv~gwgxIy[vimviWs~/ic.wqp
RD
z®YtxMt~gtvxy®xYz{iWr
true = true
x
false = false
Á%jqz{h!z®y®vy®pÀqtegigy{z}/tvz®x.xª
1 »# , » I$-&<,, ½tvx¸çÂ%vi/tv~gr 8
true = x ∈ ins( xxNaty ,
x
ins(x1, y1)
y
) JxNat ≺ x1, x ≈ xNatK
¸YWÂ
false = x ∈ ins( xx
Nat
y ,
x
ins(x1, y1)y) JxNat ≺ x1, x ≺ xNatK
¸µÂ
x ∈′
x
ins(x1, y1)
y
= x ∈ ins( xxNaty ,
x
ins(x1, y1)
y
) JxNat ≺ x1, x  xNatK
¸WYÂ
degiDrv~gwgYxYyO¸ucÂz}r<ics~/icwqptvegiDrvic/xv~y{i
RD
ª«x
∈
¸ótegi&xgi°&z{tveCMic|I~y{z{tp*/xrutv6z®It6Â8z{Itvxmtegit~stvxYy{xYp
true = true
Ádegiy}~rviC¸uWÂ%z}r&ruz®h!gy®z±ÈiW.wIp.&i/°&z{tvijqgy®z±tvtvz®gC°&z{tve.tvegi/xrutv6z®giW~gy{iWrxª
RD
ª«x
∈
Àz{Itvx 8
false = true JxNat ≺ x1, x ≺ xNat, x ≈ xNatK
¸?TIÂ
false = x ∈
x
ins(x1, y1)
y
JxNat ≺ x1, x ≺ xNat, x 6≈ xNatK
¸µÂ
degiMru~wgxIyØ¸u9TYÂDz®rKÅµy{z}rvz{^iz{trmxYrtz{ItDz}rD~g^rvtvz}rÈ^wgy®iÁDdegiMy}~rvi¢¸µÂDcgxtKwbi*ics~^ic·gicicgrDtvx
wbiMª«~gutegi/z®rutItz®tvic~ruz®g#tvegiMgxss~tz{xY~gy®icrxªtegi!gxhCyª«xh Yh!h!
GNF(RC)
Ádegz}rmvi/tv~grM¸«°&z{tve
Å2z}wgy®ivich!z®gIÂ 8
false = x ∈ ins(
x
x2
Nat
y , ∅) JxNat ≺ xNat2 , x ≺ xNat, x 6≈ xNatK
¸WYÂ
false = x ∈ ins(
x
x2
Nat
y ,
x
ins(x2, y2)
y
) JxNat ≺ xNat2 , x ≺ xNat, x 6≈ xNat, xNat2 ≺ x2K
¸2Â
 xtvitvetcÀtveg¬srtvxtvegi¢/xrutv6z®Itrz®;tvegi¢gvxss~^tvz®xÄ~gy®icr3xª
GNF(RC)
Àtvegi#x^rtz{Itxª¸uµ2Âz®h!gy®z{iWr3tve^2t
wbxte
xNat2 ≺ x2

x ≺ xNat2
Á
degimy}~rvi*¸ucÂ/Cw^imviWs~/ic!wqp
RD
txtveiDt~stvxYy{xYp
false = false
Ádegimy}~rvi*¸u22ÂcwbiKics~^icCtvxtegi
rh!imt~stvxYy{xYp~rvz®gMtvegi/y®~rui
(
µ
)
Àg°&egz}6e#z}r&~rvic#z{.tegz®rK/rvi3r&#z®s~tvz®xeqpq^xtvegiWruz}r/Á
y®it%~rxh!iDw^6¬Mtvx*tvegimru~gwxYy¸ucÂÁdegiggy®z®c2tvz®xCxª&ic°&vz{tvijsgy{z{tutz{.¸UYz{¢°&z±teCtvegixYrutv6z®gic!~gy®icr
xª
RD
ª«xY
∈
Â%vi/tv~gr 8
x ∈′
x
ins(x1, y1)
y
= true JxNat ≺ x1, x  xNat, x ≈ xNatK
¸WYÂ
x ∈′
x
ins(x1, y1)
y
= x ∈
x
ins(x1, y1)
y
JxNat ≺ x1, x  xNat, x 6≈ xNatK
¸B>YÂ
degiCrv~gwgYxYy¸WÂz®rmÅ2y®z}rvz{/i!z±t6rm/xrutv6z®Itz}r~gr2tz®ruÈ^wy{iYÁdegi!y®Yrt3ru~wgxIy¸?>YÂKz}rmviWs~/icwqpggy®z®c2tvz®x
xª¸TIÂ¸«~^ruiW#Yrz{g~tz{xY.eqpqbxtveicrvz®r6Âz{Itvx!tegit~stvxYy{xYp 8
x ∈
x
ins(x1, y1)
y
= x ∈
x
ins(x1, y1)
y
JxNat ≺ x1, x  xNat, x 6≈ xNatK
ï«ðñ8ïóò
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x2°%i/y{z}rt6rS5¾@68iKy®z®rutr%xª
2n
icy{ichMicItr¸óª«xY
n ≥ 0
ÂØrutvxYviWz®tegiy{iWµÅicrxªwy}/icCwz{vp!tvicicrcÁ#N[it~rxYrvz®sic
tegiª«xy®y{x2°&z®gCrvit&xª<xYrtv~^tvxY&rupqh*wbxy}rz®#xYsictvx!i/gicrvi/It%tvegi3bx2°icvy®z}rt6rxª^2tv~y7I~h*wbi/6r 8
C =
{
0 : Nat, s : Nat→ Nat, v : Nat→ List, tie : List→ List,⊥ : List
}
degiCrvpqh*wbxy
v
ic2ticrm#rvz®gy®itxbx2°icvy®z}rt
v(n)
ª«xh4#q~gh*wbi/
n
À[
tie
z®rtveiM/xc2tvic2tz{xYxª%^x2°%i/y®z®rutrcÁ
degiKxbi/62tvxY
tie
z®rØviWrtvz}tic*tvx°%i/y®ygwy®iW/xrutv~txti/h!rxªOtvegiDrh!iDsicstve8ÁØÅi/p*xtvegic<tvicvh
tie(s, t)
z®r
ics~^ictvx
⊥
wqp!tvegimª«xy®y®x2°&z{gx^rtv~tvxY%rvpsrti/h
RC
Ádei/iª«xiÀYtveim°%i/y®ybª«xh!icCbx2°icvy®z}rt6rvi
RC
Rz{ics~/z{wy{i
YvxY~g.tvicvhCrKxªruxYut
List
Á& ·tveisi/Ègz{tvz®xxª
RC
À^tveiwgz®p./xrutv6z®ItDgicsz}/tvi
∼
z}rsi/ÈgiW·x/xrutv~tx
ti/h!rxª%rvxvt
List
rmtegiCruhCy{y®icrut3ic|I~gz®Åµy{ici!rv~6ete2t
v(x) ∼ v(y)
ª«x3y®y
x
À
y
xª%rvxvt
Nat

tie(x1, x2) ∼
tie(y1, y2)
z
x1 ∼ x2 ∼ y1 ∼ y2
Ádegid&Kj
RC
e^rxim~gy®i3x^rtz{giW¢wqp
∼ 8
RC =
{
tie(y1, y2)→ ⊥ Jy1 6∼ y2K, tie(⊥, y)→ ⊥, tie(y,⊥)→ ⊥
}
degi%tvici%Yh!h!
GNF(RC)
e^rgxUti/hMz®y®r
x
xNat
y
À
x
xList
y
À
x⊥y

x
tie(x1, x2)
y
*tvegigxss~tvz®xMv~gy®icr 8
x
xNat
y := 0 xx
Nat
y := s( xx2
Nat
y ) xx
List
y := v( xx
Nat
y ) x⊥y := ⊥
x
tie(x1, x2)
y
:= tie(
x
x3
List
y , xx4
List
y ) JxList3 ∼ xList4 K
x
tie(x1, x2)
y
:= tie
(
x
x3
List
y ,
x
tie(x4, x5)
y
)
JxList3 ∼ tie(x4, x5)K
x
tie(x1, x2)
y
:= tie
(
x
tie(x3, x4)
y
,
x
x5
List
y
)
Jtie(x3, x4) ∼ xList5 K
x
tie(x1, x2)
y
:= tie
(
x
tie(x3, x4)
y
,
x
tie(x5, x6)
y
)
Jtie(x3, x4) ∼ tie(x5, x6)K
 xtviØtvety{ytvegixYrutv6z®Yt6r7z®3tvegiWruigxqg~tz{xYv~y{iWr8iØggy®z{iWtvxwgvxtvegicrv~gwsti/h!rcÁdeiØi/h!stz{icrr8gxwy{ich z}r
Ytv~^y®y{pMsic/z®gwgy®iª«xYØrv~6eCx^rtz{giWtvici6h!hC6r/Á8dez®rc!wbiKruex2°&°&z{tveCCYgst62tz{xYxª^tegiDgxqxª^z® 5{96
tx
∼
R/xrutv6z®Itrm¸«z®rticY#xªiW|Y~^y®z±tp¢/xrutv6z®Itr6ÂxYDy}rux!wqp¢#icxssz®g!z{Itx!xYgiRh!i/h!xp!tvi/i3~stvxYh!t 5 >6RÁ
© i3gxbxYrvim!si/Ègz{tvz®xxªtvegi3xY^ictvxY
zip
wqpCtveiª«xy®y{x2°&z®g!v~y{iWrxª
RD 8
zip(v(x1), v(x2)) → tie(v(x1), v(x2)),
zip(tie(x1, x2), tie(x3, x4)) → tie(zip(x1, x3), zip(x2, x4)),
zip(v(x1), tie(x2, x3))→ ⊥, zip(tie(x1, x2), v(x3))→ ⊥, zip(⊥, x)→ ⊥, zip(x,⊥)→ ⊥
degi3rv~s­z®i/It&xh!gy®iti/giWrvr%xª
zip
c¢wbiicrutwgy{z}rvegic¢°&z±tetveim^2tuti/tvicim/xrutv~tz{xY[ÁRt%h!iWr%z®#utz®/~gy}
te2ttvez®r%xbi/62txz®rsi/Ègic¢x.y®y^°%i/y®ybª«xhMiWbx2°icvy®z}rt6r/ÁAN[i/t%~r%y®xqx¬C2t&3ª«ic° /YruiWrxª
dtree(zip)
Ádeimrv~gwstvici
°&z{tvevxqxt
zip(
x
x1
List
y , xx2
List
y )
eYr[gxssiWr¸º°&z±tegx~gtz®s~tvz®x*Å2vz}wgy®icr6Âbxªstegiª«xYvh
zip(v(
x
x1
Nat
y ), v( xx2
Nat
y ))
°&ez®6e
viDrutvxgYy{p*x~gMics~^z®wgy{iYÁfeKi//iKy®ystegiKxYvicrvbxsz®gmy{iWµÅiWr<i&y®w^icy{y®icM°&z{tve
success
Ádegiruz{tv~tvz®x!z}r<tvei
rh!iª«xtegirv~gwstvi/iWr°&egxYrvivxqxte^rxi¸«Å2z®wgy®iWÂ%ru~wstvicvh 2tDy®icrutDxYrtz{icwqp
x⊥y
À¢ª«xDtvegirv~gwstvicicr
°&z{tvexqxt
zip(
x
tie(x1, x2)
y
,
x
x3
List
y )
xY
zip(
x
x3
List
y ,
x
tie(x1, x2)
y
)
Àµxy}rux
zip(
x
tie(x1, x2)
y
,
x
tie(x3, x4)
y
)
¸«wbicc~rvi
RD
z}r~g/xrutv6z®giWÂÁ
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